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Section |
10 marks
Attempt Questions 1 — 10

Allow about 15 minutes for this section.

Use the Objective Response answer sheet for Questions 1 — 10

. . . -1
1 Which of the following is the correct expression for | ———==dx ?
"‘\/1—16x2
(A) 1cos’1§+C
4 4
(B) 4cos’1§+c

Q) %cosl 4x+C

(D) 4cost4x+C

2. If a, b and ¢ are the position vectors of the three vertices of a triangle, and (b—a)=4(c-a)

where 0< A <1 which of the following must be false?

(A) Point B is diving the interval AC in the ratio of A:(1-2) internally.

(B) Point B is diving the interval AC in the ratio of 4: (l—/l) externally.
(C) Points A, B and C are collinear points.

(D) ABJAC.

3 Which of the following statements is true?

(A) Va,beR sina=sinb=a=b

(B) VabeR |a+b|[>[a-b|

(C) dJa,belR suchthat log,(a+b)=Ilog,(ab)

(D) 3Ja,beC |a+b|>|a]+[b|
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4. Which of the following is the correct expression for jxtan‘1 X dx

(A) X+tantx+C

X 1 2
(B) + In{l+x°|+C
tantx 2 ( )

(C) xtanlx+ ; In(1+ x2)+C

2

©O) * tanlx- Lys Liant
2 2 2

Xx+C.

5 The diagram below shows the position of points z and w, that have position vectors z and w
respectively. In which quadrant would the point with position vector z—iw lie?

(A)Quadrant 1

(B) Quadrant 2
(C) Quadrant 3

(D) Quadrant 4
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6. Consider the statement:
‘For any function f (x), f(x)isnot continuousat x=a=> f(x) is not differentiable at x=a.’

Which of the following statement is correct?

(A) The converse statement is false and the contrapositive statement is false.
(B) The converse statement is false and the contrapositive statement is true.
(C) The converse statement is true and the contrapositive statement is false.

(D) The converse statement is true and the contrapositive statement is true.

2
7 Consider the vectors OA=| -1 | and OB with |@|=

Given that OA.OB =6, find in square units, the area of AOAB.

(A) 3410

() ¥ 3‘/_

) 20 3‘/_

(D) —— J_
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T

o. 1t |

0

(A)

(B)

(©)

(D)

VA

dx = 72[ , what is the value of j Xsinx dx?

1+ cos® X

sin x

1+ cos? X
0

9 The diagram shows the solution of an equation as traced out by the point P(z). The

path traced out by the point P representing the complex number z is three-quarter
circle.

Which of the following could be the equation?

(A) Arg(z—a)—Arg(z-5)=0

(B) Arg(Z—a)—Arg(Z—ﬁ)zz
(©) Arg(Z—a)—Arg(Z—ﬁ)zz
(D) Arg(z—ﬂ)—Arg(z—a){
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10. The mass m kg is suspended from the ceiling by two light strings of equal length, where the
tensions in each string are equal.

If the lengths of the strings are changed such that I1 > I, and the angles made by the strings
to the horizontal are « and S respectively, which of the following will now be true?

A) a>p T>T,
B) a>p,T,>T
C) a<p T,>T

(D) a<p T,>T,

End of Section |
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Section 11

90 marks
Attempt Questions 11 — 16
Allow about 2 hours and 45 minutes for this section.

Answer each question in a new writing booklet. Extra writing booklets are available.

In Questions 11 — 16, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Start a new writing booklet.

(@) Let w=8-2i and z=-5+3i.Find w+z 1
(b) (i) Show that (1-2i)> =-3—4i 1
(i) Hence solve the equation z°> -5z +(7+i)=0 3
. od
(© (1) Find —(xsin™x) 1
dx
(i) Hence or otherwise find [sin(x)dx 2
(d) Provide a non-inductive proof as to why 12" >5"+7", V integers n>2. 2
(e) (i)  Usethe result €™ =cosn@+isinn@ toshow e"’ +e "’ =2cosng 1
T . i0 -i0\4 4 1 1 3
(i) By expanding (e" +e)", prove that cos” 8 = gcos 40 + Ecos 20 + 3 2
7
(i)  Hence find j cos* 0do 2
0

End of Question 11.
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QUESTION 12 (15 marks)

(a) OABC is a trapezium with AB = kOC.
Let a=OA and ¢=0C.
M and N are midpoints of OB and AC respectively.

(i)  Find OM intermsof a and c.
(i)  Find ON intermsof a and c.
(iiiy  Hence find MN in terms of a and c.

(iv)  Deduce the value of k required for ABMN to be a parallelogram.

X2 +1 A  Bx+C
+

(b) (1) Express :
(x—l)(x2+x+1) x-1 x2+x+1

X2 +1

i H find d
(i) ence fin J.(x—l)(x2+x+1) X

(c) Prove using contradiction that log, 5 is an irrational number.

End of Question 12
-9
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QUESTION 14 (15 marks)

(@) Let I be the line in the complex plane that passes through the origin and makes

an angle « with the positive real axis, where 0 <« < Z :

The point P represents the complex number z,, where 0 <arg(z,) < a. The point P is
reflected in the line | to produce the point Q, which represents the complex number z,.

Hence z; =z, .

(i)  Explainwhy arg(z;)+arg(z,)=2a. 2
(i)  Deduce that 7z, = z > (cos2a +isin2a). 1
(iii) Let a= Z and let R be the point that represents the complex number z;z,. 1

Describe the locus of R as z; varies.

(b) If a, b and c are real and unequal and that a® +b? > 2ab deduce that
(i) a®+b%+c?>ab+bc+ac. 1
(i) If a+b+c=6 show that ab+bc+ac<12. 2

Question 14 continues over the page

—-11 -



(©) Use the substitution of t = tang, find J ! dx

3-cosx—2sinx

(d)  Anparticle, initially at x = 2, has a velocity given by v = \/16—3x2 . Find the
expression of x interms of t.

(e) If the displacement of an object at any time t is given by the vector equation
10cost
r=|10sint
15—t
Find the vector equation of the velocity and its initial speed.

End of Question 14
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Question 15 (15 marks) Start a new writing booklet.

(@)  Consider the equation z°+1=0, where z is a complex number.

(i)  Solve the equation z°+1=0 by finding the 5" roots of —1.

(ii)  Show thatif z isasolutionof z°+1=0 and z=1, then u =z+1
z

is a solution of u?—u-1=0.

(iii))  Hence find the exact value of cos%[.

(b)  Consider the polynomial equation
x* +ax® +bx’ +cx+d =0

Where a,b,c and d are all integers.
Suppose also that the equation has a root of the form ki, where k isreal, and k =0.

Q) State why the conjugate, —ki is also a root.
(ii)  Show that c =k’a.
(iii)  Show that c¢®+a*d =abc.

(iv)  If 2 isalso a root of the equation, and b =0, show that c is even.

End of Question 15

—-13 -



QUESTION 16 (15 marks)

@ Consider the recurrence relation defined by T; =1 and

4+T
T.,=—", forn=1,2,3, ...
LT

n

(i) Prove by mathematical induction that for n>1,

1-(-3)"

(i) Hence find the limit value of T,, as n — oo.

T

(b)  Let 1, :J‘ tan"x dx and let J, =(-1)" I,,
0

i Show that |, + 1 =,
() n n+2 n+1

T

4

(if)  Find the value of I4:j tan*x dx
0

(-1)"
(iif) Deduce that J,—J,4 = 1 for n>1.

(ili) By considering
\]m :(Jm _‘]m—l)+(‘]m—1_‘Jm—2)+(‘]m—2 —Jm_3)+...+(\]1_\]o)+ ‘]0

Show that
m n
-1
N _£+Zu.for n>1
4 2n—
n=1
Lo
(v)  Use substitution u=tanx to show that I, =j — du.
ol+u

(vi) Deducethat 0<1, Sﬁ and conclude that J, —»0as n — .

End of Examination
-14 --



2024 TRIAL EXAMINATION FOR EXTENSION 2

Section | Multiple Choice

Question | Answers
1 C
2 B
3 C
4 D
5 A
6 B
7 D
8 D
9 B
10 C
1. 90% correct.

1
——dx=
J.\/l—16x2 ’
16
COS
A
g

= icos‘l 4x+C
4

+

(©)

2.1 (b-a)=A(c—a) has more information than AB|| AC . 61% correct. _
-7 -7 Popular choice was A. Question
A B C required false statement.
Upon reflection we will allow
] o ) . ] (c) as well as a correct answer
Point B is diving the interval AC in the ratio of A:(1-14)
internally. (B)
3. | (a) Vmeans" forall" a=30"b =150 nottrue 74% correct. o
(b) Vmeans” forall"a=5b =3 nottrue Popular choice was D. Third side
) ) of a triangle is less than the sum
(c) 3 means“thereexists"a =2 b =2 istrue of the two sides.
(d) 3 means"thereexists"|a +b| > |a| +|b| not true as
|a|+|b|>|a+b| by Ainequality VC
(€)




2024 TRIAL EXAMINATION FOR EXTENSION 2

] X2

[E=N

2
x>
- tantx—=
2 2J1+x

x> 1 1fx+1-1

=—1tan "X——
2

2

2) 1+x

2

X2 1 1 .X2+1

=—tan " X—-—
2 2J)1+x
2 Y

Xty L |1
2 2

2

2
1

2

1

1+x

X _ 1 1. _
=—1tan  X—=X+—tan
2 2

J.xtan‘1 X dx = uv—ju'v dx  where u=tan1x '
u'=

dx

V'=X
\ 2

1l - X
1+X 2

dx

1dx

14 x2

2

1

dx

:X—tan‘lx—l(x—tan‘lx)+c
2 2

X+C

(D)

100% correct.

Zbar-iw

Therefore Quadrant 1 Option {A)

(A)

87% correct.
Popular choice was D.




2024 TRIAL EXAMINATION FOR EXTENSION 2

6. | Original statement: 68% correct.
‘For any function f(x), f(X)is not continuous at x=a= Popular choice was D.

f (X) is not differentiable at x=a.’

Converse:
For any function f(x), f(x) is not differentiable at x=a=

f (x) is not continuous at x=a.’ False.

Contrapositive:
For any function f(x), f(x) is differentiable at x=a =

f (x)is continuous at x=a.’ True.

(B)

7. |(TA| =J4+1+9 =414 81% correct.

i Popular choice was B.
As OAOB =|OA|.|OB|C0349 then 6 =+f14 x3x cos &
..cosé@ :i

N

Since OAOB >0 and @ is in a triangle, then @ is acute.

V10

Using the triangle, sin@ =—
g g 7
1 J10
.’.Area=_><3><\/14><_
2 J14
3410

2

(D)




2024 TRIAL EXAMINATION FOR EXTENSION 2

8. r

Xsin X
I:j ) dx
1+ cos” X

0

ﬂ'(;z—x)sin(;z—x)

= ) dx
J 1+cos (7 —x)
0
T
T zsin (7 —x) xsin (7 —x) d
J 1+cos®(7-x) 1+cos? (7 —x)
0
A
sin X Xsin X
= , ) dx
J 1+c0os“ x 1+cos” X
0
71'. T
in x Xsin x
= ”52 dx—J. SZ dx
J 1+C0s“ x 1+cos” x
0 0
72' -
|=;z_“ MY x|
1+ cos” x
0
2I:7r£ﬂJ
2
2
o1="
2
2
T
Sl = D
. (D)

(B)

Poorly done.
48% correct.
Popular choice was C. Students

forgotten it was 21 that equals

72_2

5

100% correct.



2024 TRIAL EXAMINATION FOR EXTENSION 2

10.

T1 T2

ng

When Iy > Iz, then g > « and the shorter string will experience
greater tension, i.e. T, >Tj. ©

Poorly done.
58% correct.
Popular choice was D.




©)
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©)
X1
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X1 Xp
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©)
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2024 TRIAL EXAMINATION FOR EXTENSION 2

1. (d)
Mostly well done
@®
@
11. (e)(i) well done
" +e™ =[cos(nd) +isin(nd)]+[cos(—nd) +isin(-no)]
= cos(né) +isin(né) + cos(nd) —isin(nH) @
=2c0s(nd)
11, (e)(ii) well done

40 i20 —-i40

(€“+e) =e"" +4e'" +6+4+4e7% 1o
=" +e ) +4(e'* +e7*)+6

. (2c0s0)* = 2c0s40 + 4(2c0520) +6 )

-.16c0s" @ =2c0s46+8c0s20 +6

s.cost 9= 1cos4¢‘)+ 1cos26?+3
8 2 8



2024 TRIAL EXAMINATION FOR EXTENSION 2

11. | (e)(iii) Mostly well done
3 3
J-cos“ 9d€=j(£cos40+lcosze+§)d6’
) )8 2 8
= isin49+£sin20+ﬁ}2 @
| 32 4 8 |
_ {3
= isin4(zj+lsin2(zj+ 2 {isin4(0)+lsin2(0)+
32 2) 4 2 8 32 4 8
37
15 )
2.1 @) z Mostly did well!
}
a
C
OM =108
2
:%(m+ﬁ) but AB=kOC O for OB
:1(@+k(f)
2
— 1 1
OM ==a+=kc O for OM
27 2 -
1 i I
12. ()(ii) ON=OC+%CA Mostly did well!
=OC+E(ﬁ—OC) @ for CA
1 1
=C+|—-a—-=cC
SEey
ON-=Za:+lc @ for ON
2~ 2~
OR m%@u@) @ for CA
ON=tar+ic O for ON
27 2-
12. | (a)(iii) .. MN =ON-OM All did well!
1 1 J 1 1
=|=a+=c|—-| =a+=kc
2~ 2" 2~ 2 -




2024 TRIAL EXAMINATION FOR EXTENSION 2
1 1
=—c——kc
27 27
.'.W:%g(l—k) @ for MN
12. | (a)(iv) For ABMN to be a parallelogram, Not as well executed.
MN = BA @) Students who paid
1 attention to direction of
Eg(l— k)=—kc vectors get the correct
1 answers.
~(1-k)=-k
2
1-k=-2k
1-k=2k
1=—k
k=-1 @ fork
OR For ABMN to be a parallelogram,
such that |W| = |—ﬁ| @®
1
—c(1l-k)=k|-c
Se(1-K) =k|-g

%|(1—k)||g|:k|—g| since 1-k <0, k>1

(b)(i) =

_l’_
(x—l)(x2 +x+1) Xx-1 x®+x+1

X? +1= A(X® +x+1)+(Bx+C)(x-1)

Sa-k)[=k-1
1
—(k-1)=k
(k1)
k-1=2k
-1=k
~k=-1 @ fork
12. x2 11 A Bx+C Mostly did well!
A few arithmetic

calculation error.
A few students did not
answer as required in

When x =1 af+1zA«nz+u)+Q+o X% +1
2=3A (X—l)(x2+x+1)
A= 2 A Bx+C
-2 _ .
3 Xx-1 x%+x+1
When x =0, (0)2+1E§((0)2+(O)+1)+(B(o)+c)((0)_1) form.
1=2_¢
3
c=21
3
c=_1
3




2024 TRIAL EXAMINATION FOR EXTENSION 2
When x =2, (2)%1;%((2)2+(2)+1)+LB(2)_%J((2)_1)

5= 14 ZB—l
3 3

5= 13 +2B

.33 ofo

- (x— 1)(x +x+1) x—1 x%+x+1

21

1 oy X d
I X
I(x—l)(xz +x+1)

:Eln|x—1|+1(ljj§x—_2 dx
3 2\3)J) x“+x+1

:—In|x I+ jzx+1 2-1

X+ x+1
- 2x+1 3
:—In x=1+= dx
3 =3+ 6J Crx+1l X2 +x+1
:gln|x—]4+£j22x—+l dx—Ejz; dx
3 6) x“+x+1 6J x“+x+1
@
:EIn|x—]j+lln(x2+x+1)—£j2; dx
3 6 2) x“+x+1

1

:%In|x—ﬂ+%ln<x2+x+1)—%j : 2 ; dx
X +x+( j +1-

=§In|x—ﬂ+%ln(x2+x+1)—%j;23 dx
(x+ j +3

N~

-10 -



2024 TRIAL EXAMINATION FOR EXTENSION 2

1x
=gln|x—1|+iln(x2+x+1)—l( 2 ]j— dx
3 6 2\ 3 [ 1j2 3
+

A

:§|n|x—]4+%ln(x2+x+1)—%tan >~ “Z4C

:%In|x—ﬂ+%ln(x2+x+1)—%tan‘1 23 (x+%J+C

)

_2 1 2 1 12x+1
_§In|x—JJ+EIn(x +x+1)—ﬁtan - 3-+C

12. | (c) Assume that there exists p, ge N such that
log, 5= P and the highest common factor of p and q is
1. @
5= 2¢
p\d
(5" =(2')
.59 =2P
But LHS =51
=5x5x5x...i.e. 5 is a factor of 59 but not
2P
and RHS =2P
=2x2x2x...i.e. 2 is a factor of 2P but not
59 O
Then no p and g such that p, g € N satisfies the equation
59 = 2P and this equation must be a contradiction. So
log, 5is an irrational number. @
13. | (@)(i) well done
X A+1
z 21+3
1 1
=|0[+4|1
3 2

-11 -




2024 TRIAL EXAMINATION FOR EXTENSION 2

PQ =/(-2-2)* +(-3-1)? + (-3-5)
=\16+16+64
_J% @
=224
* 2@

Where @ is the radius .. PQ is not the diameter of the

sphere.

13. | (a)(ii) Equation of sphere Mostly well done
2
r- -1 =29
0
1 1) (2
0|+A|1|-|-1]=29 O
3 2] Lo
1) (-1
A1+ 1 [=+29
2] | 3
2 (A=1) +(2+1)" +(24+3) =29
~.6A2+124-18=0
A% +24-3=0
< (A+3)(4-1)=0 )
A=-31
A=-3:P=(1-3,0-33-6)=(-2,-3,-3)
A=1:Q=(1+10+13+2)=(215) @
13. | (a)(iii) Well done

-12 -




2024 TRIAL EXAMINATION FOR EXTENSION 2

13.

(b)(i)
X =6cos(2t +%) +cos(2t)

% = —12sin(2t +%) —2sin(2t)

Mostly well done

X =—24cos(2t + %) —4.cos(2t) @
= —4[6 cos(2t +%) +cos(2t)} ®
X =—4xX
X =—n’x
. . 2 ©
Which is SHM about c=0 and n=2 .. period = - = Vs
13. | (b)(ii) Quite a few students did not
T realise that the amplitude
X=6cos(2t + Z) +cos(2t) could be found by simply
inding the coefficient of the
_— o Dfinding the coeff f th
= 6{cos(2t) cosZ —sin(2t)sin Z} +cos(2t) distance equation by using the
J_ transformation/auxiliary angle
——[cos(2t) —sin(2t)]+cos(2t) formula. This was a lot easier
than finding when the velocity
= (3\/§+1) cos(2t) —3+/2 sin(2t) (D was zero and substituting
back t into x.
=Rcos(2t+a) where R =/(3y2 +1)* + (34/2)?
= \IGJE +37
=6.744
-.amplitude =6.7 (1d.p) @
13.] (¢) Very well done
X=siné
dx =cosd
_ J- dx _J- cosd.d@ @
(1_X2)3 J(l_sinZ 0)3
B I cosg.do
I A—Y
let (cos2 o)
@
J. cos’ & 1 .
= J' sec’6.dd
=tand+C :
Vil =)
- X _4c
1-x?

-13-




2024 TRIAL EXAMINATION FOR EXTENSION 2

14.1 @)3) m) I L Mostly did well!
Q
2y
7 P
Re{z)
9|
Let the line | passes through the point L such that
ZLOP=/L0Q=a-arg(z) O forany similar
arg(z,)=ZQ0L+«a statement
=(a-arg(z))+a
=2a-arg(z)
c.arg(z)+arg(z,)=2a (as required) @ including
alternate methods
14.| (a)(ii) |le2| =|zl| |22| and since |zl| = |22|
~|azy| =z
arg(zz,)=arg(z)+arg(z,)
arg(zz,)=2a  [from part (i)]
S 42y :|zl|2 (cos2a +isin2a). (asrequired) @
14, Many have problem with the

VA 2 T .. w
a)(iii) When o =—, 7,2, =|z COS2| — |[+1SIn2| — @
@) When a =7, 22, |1|[ 3 bjj
2 T .. T
=z (cos_+|sm_J
2 2

|24 # 0 otherwise arg(z )is undefined. (So the locus of

R is dependent on |zl|). Hence the locus of R is the

positive y — axis, excluding the origin, of length |21|2 )

locus of R.

Few students answered partially
correct not taking into account
that |zl|2 will only give positive

values and forget that O should
be excluded.

14.

(b)(i) a?+b®>2ab — O
b>+c?>>2bc — @
a’+c®>2ac —0

D+@+0 2a’+2b%+2c®>2ab+2bc+2ac
2<a2+b2+c2)>2(ab+bc+ac)

~.a2+b%+c? >ab+bc+ac (as required)

@

All did well.
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( 1+t 2
- 3(1+17)-(1-17)-2(21) (1+t2}dt

- 1+t 2\ 4
- 2 4,12 2
J 3+3t° -1+t -4t \1+t

— 2; dt ©)
J 4t°—4t+2

14. | (b)(ii) Since a+b+c=6 Mostly did well.
(a+b+c)” =(6)*
(a+b+c)2 =36
[(a+b)+c]2 =36
(a+b)2+2(a+b)c+c2 =36
a’ +2ab+b? +2ac+2bc +c? =36
(a2+b2+cz)+2ab+2ac+2bc:36 —a O
And from (i) a® +b?+c? >ab+bc+ac
a®+b%+c?+2(ab+bc+ac)>ab+bc+ac+2(ab+bc+ac)
a®+b?+c?+2(ab+bc+ac)>3(ab+bc+ac) —®
Sub @ into ® 36 >3(ab+bc+ac)
-.ab+bc+ac<12 @©
14. 1 X Mostly did well.
©) j3—cos X—25in X dx Let t=tan 2 Some errors were:
1) answer in term of t and not
X -1
—=1tfan "t X.
2 2) forgotten the existence of the
X =2tan"'t first term 3 when working out
dx 2 the equivalent fraction with
dt 1412 denominator 1+t2.
2 3) was stuck with working out
dx =——dt - 2
1+t J— dt
1_t2 442 4t 42
And COSX=——>
1+t
i 2t
sinx=——
1+t
- > 1 ( Zz]dt @
o 1-t 2t 1+t
3- 2 -2 2
1+t 1+t
_ L [ 2 szt
. 3(1+t )—(1—t )-2(2t) \1+t
1+t2

-15-
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2
=J (4t2—4t+1)+2—1 .

- 2

_.. (2t-1)° +1
f'(x)=2

=tan"'(2t-1)+C

- tan‘l[Ztan§—1J+C

dt ie f(x)=2x-1 and a=1

14.

(d) vV =+/16-3x2
X _ Jfi6-3x2

dt

! dx = dt

J16-3x2

X 1 t

—_—dXx = j dt
L \l16—3x2 0

Mostly did well especially using
the boundaries.

14.

10cost
(e) r(t)=|10sint
15—t

Mostly did well and a handful of
students found the initial
velocity vector but forgot to
calculate the speed.
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-10sint
~.v(t)=| 10cost
-1
—10sin(0)
v(0)=| 10cos(0)
-1
0
v(0)=|10

15.

(@)

2°+1=0

28 =-1=¢e™? where ne Z
.[(7[4—27”1)}

So z=e' ° Jwheren=0,1-12,-2.
iz iz 3ixz 3ir

—z=e5e%e%,e 5,1

Mostly well done

00

15.

(a)(ii)
2°+1=0
(z+D)(z*-2°+2°-2+1) =0
now z = -1

St -+ -241=0
-4t -zl

ZZ

0

zz—z+1—i+i2:0
7z

zz+2+i2—(z+l)—1:0
z z
S+ @+ -1-0
z z
sub u=z+1

z
su?—u—-1=0 as req.

Mostly well done
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conjugate is also a root of this equation.
Since a,b,c,d are integer coefficients as stated, then the

conjugate of O-+Kki, being O—Kki is also a root.

15. | (a)(iii) Mostly well done
, Some students missed the
ut-u-1=0 correct quadrant and did
,_1x\6 @the + instead of the -
2
1
now u=z+=
z
=742
=2Re(2)
=2co0sé @
Hence cosé = 4 L+y5
2 4
Now cos% > cos%[ (Ist quad pos> 2nd quad neg)
cosg—” = —1_J§
5 4 @
15. | (b)(i) well done
If a complex number a+ib where a,b are real, is a root of a
polynomial equation with real coefficienta, then its complex | (D

15.

(b)(ii)

Since x=ki is aroot of x*+ax®+bx*+cx+d =0
Then (ki)* +a(ki)® +b(ki)* +c(ki)+d =0

i.e. k*—ak’i—bk*+cki+d=0

i.e. (k*—bk®+d)+i(ck —ak®)=0+0i
~.ck—ak®=0=k(c—ak?)=0 equating imag. parts
~.c=ak’ (ask #0)

Mostly well done. Some
used a different method
@Owhich was fine but led
to problems as not
knowing how to proceed
correctly in parts (iii) and

(iv)
@

as required.
(b)(iii) Mostly well done if used
From (ii) k*—bk?+d =0 (equating real) and since this method’
c=ak?=k:=1 @
a
Cy, ,,C B

Then (E) ‘b(g)”' =0

¢’ —abc+a’d =0 D

-.c*+a’d =abc as req.

(b)(iv)

If b=0, then from (iii) c?+a2d =0 then d = —()? and since
a

d isintegral, then ¢ must be divisible by a, i.e c=ap where
p is integral.

Mostly well done if used
this method.

There is no guarantee that
roots are integral in saying

-18-
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Then d = _(?)2 - _p?

Also, the given equation x* +ax® +bx*+cx+d =0 becomes
16+8a+2c+d =0 since 2 is a root.
From 16+8a+2c+d =0=>d =-2(8+4a+c) hence d iseven

as it divisible by 2 and 8,4, a,c are integral.
Since d isevenand d =—p?, it follows p must be even and
hence p=2q ..d =-4q?

Now from 16+8a+2c+d =0 we have 16+8a+2c—4q”> =0

That is ¢ =—2(q* —4—2a) which is even as required as g,a are
integral.

@it is divisible by 2 which
quite a few stated.
i.e ¢ and B etc

16.

@) T,- 2{“—
o

( 3)”J
3"

-1
1+(-3
When n=1, T, =2 +( )_1
1-(-3)
1
=2 31
T
i 3
o)
ARV
4
3
_2 EJ
| 2
~.T; =1 which agrees with the recursive
definition.
Hence true for n=1. @

Assume true for n=1 to n =Kk,

Mostly did well and a handful of
students did not keep to the
format for recursive method of
induction.

A few students had problem with
working with base -3.
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Proof: LHS=T, 4
_ 4+Tk
1+Tk

{+( B)EJ
1

3
+3k
13)"
(-
~(

(from recursive definition)

(from assumption) @

[EEN

(
1 3)° "J+2L -3) kJ
[ 3" 23]
43 —a(-1) 423 1 2(-1)f
3 —(-1)* + 2.3+ 2(-1)"
6.3 —2(-1)
3.3+ (-1)
2|33 (1) |

3.3%+ (1)

| 33 (-1
3.3
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e
3 +1

k

(-1)

1+ k+1
(-1 1

- k
(-1)° -1
1+ 3k+1 _1

k+1

14 ()2
3k+1 1
- 1 (_1)k+l 1
N 3k+l i

- (closed definition)

-.LHS = RHS
If true for n = k, hence proven true forn =k + 1.

Since true for T;, hence proven true for T, =T,, T, ; =Tj,
and so on. Hence true for all positive integers n>1. @

16. 1\ Mostly did well.
@) lim (——] =0
n—wo\ 3
n
2{1+(—1j J
3
S IimT, = lim
n—»o n—»o [ 1 n
=
3
B 2[1+0]
- [1-0]
16. H i Mostly did well.

tan"*2x dx

(b)(i) I, :j tan"x dx i.e. I, :j
0

0

Some students did not know their
trig. Identity well enough that
they missed the fact that

derivative of tan x is sec®x and
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3
S lo=| tan"x dx
J0
o% )
=| tan"xtan® x dx
J0
o% )
= tan”x(sec x—l) dx
J0
o% )
= | tan"xsec x—tan" x dx
J0
. , %
= | tan"xsec” x dx—j tan"x dx
J0 0
tan™! x ‘
| = —1
n+2 n+1 n
L 0
T
tann+1 o
4 tan”*l(o)
lni2+1h = -
n+1 n+1
n+1
1)
I+ 1, = ( —(0
n+2 n n+l ( )‘

Ao+l =——
- n+2 n
" n+1

(as required)

@ or other method

that tan®x = sec?x -1, instead they
were getting very lost by using
integration by parts.

2 students did not answer the
required expression of

1

] = ——
2
AL O |

16.

(b)(ii) 1y, =I4tan4x dx
0

A few students had problems
with trig. identity

tan?x + 1 = sec?x

A few students made the
mistakes in identifying n value
for 14 as 4, rather than 2, hence

had 1 as

instead of
n+1  (4)+1

(2)+1
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sy I i 2 1—[1—£J

(b)(iv) From part (iii) Jn—Jn_1=(—1)n[2n1_lJ

S Im :(Jm _‘]m—l)+(‘]m—1_‘]m—2)+(‘]m—2 _Jm—B)
+..+(J1—=Jg)+Jg

=Jo +(Jm _‘]m—l)+(‘]m—1_‘]m—2)+(‘]m—2 _Jm—3)
+..+(J1—Jg)

=J0+(Im=Ima)+(Ima—Im2)+(Im2—Im_s)
= Jo +(—1)1[ﬁj+(—1)2 Lﬁj
+(_1)3L2(31)—1J+"'+(_1)m(Zml—lj

~( 2 g0+ (55 ®

n=1
V(D'
= |O +Z_
2n-1
n=1

3 4 3 4
4— -

= M or 1_14_2

12 3 4
I4:37Z_8 o Z_2 @

12 4 3
16. (b)(Gii) 3, =(_1)n I, ‘s‘lfilpl)gzv(;s?:}f:_tlon: a few students
In1=(-1)"" Iy
‘Jn - Jn—l = (_1)n I2n _(_1)n—1 I2(n—1) for n>1
-1
=" (-Dan 1y |
-1
:(_1)n (_1)|:|2n + I2(n—1)}
=(-1)" [IZn + '2(n—1)} and from part (i)
2+l =—
| | Lt
(2n)+2 T l(2n) = (2n)+1
w | ——1
e T2 T o 2) 11
1
cdn=dna =(-1)" [Zn—lj for n>1
16. Mostly did well.

Easy question to show since the
series for J,,. Students need to

show the substitution of
1

Jn - ‘]n—l == (—l)n (m} fOI’

the sigma notation, and either

show how Jg = % )
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z z

Since 1, =I tan"x dx >0, and In+2:J‘ tan™2x dx >0
0 0

1 1
Then I, <——and I,,, <—
" n+1 "2 n+l
Hence 0<I,<—. @
n+1
As lim L:0
n—oo N+
ie. liml,=0 and liml,,=0
N—o0 nN—oo
and lim J, = lim (-1)" 1,, @
N—o0 N—o0
m n
. -1
o lim 3, =0 and Z+ E (D) _,
n—o0 4 2n-1
n=1

V' ()"
T - .
Sy ==+ ——— (asrequired
o4 Z 2n—1 (as requirec)
n=1
16. 7 Mostly did well.
(b)(v) I, :.[ tan"x dx Let u=tanx
0
W _ sec?
dx
au =tan® x+1
dx
[
du tan®x+1
dx = 21 du
us+1
When X = ﬁ, u=1
4
x=0, u=0
J‘l . du
Sly=1u 5
0 1+u
L
sy :J. > du  (as required) )
0 1+u
16. . . Some students have approached
(O)(Vi) From () 1y +lni2 =——- from different perspective and

did well. Students that did not
give a comprehensive approach
for either or both deductions
were not awarded the marks.
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